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the UCS became anisotropic. In the meantime, the 
cracks were introduced into the matrix model, and the 
UCS became size dependent. At last, the shale model 
was created by combing the shale matrix, bedding 
planes, and cracks. The UCS of shale model exhib-
ited “U-shaped” curve and followed the decreasing 
asymptotic trend. The failure pattern of these models 
show that bedding planes cause anisotropy as they 
control the macroscopic failure, and the influence of 
bedding planes is pronounced irrespective of model 
size. Cracks cause size effect as they induce the local-
ized failure, and the influence of cracks increases 
with the increase in model size. When the model size 
is small, anisotropy and size effect coexist. When the 
model size reaches a certain size, size effect disap-
pears. The numerical result matches with the findings 
of published literature. The proposed model and its 
calibration procedure are applicable to other trans-
versely isotropic rocks for analyzing the size effect 
and anisotropy.

Keywords  Size effect · Transverse isotropic rock · 
Bonded-particle model · Uniaxial compressive 
strength

1 �  Introduction

Anisotropy and size effect significantly influence the 
strength properties of rock and rock mass. The ani-
sotropy in rock causes the strength to vary with the 

Abstract  The bonded-particle model (BPM) 
method has been used to study the size effect and 
anisotropy of rock strength. This research proposes a 
new bonded-particle model which exhibits both size 
effect and anisotropy, for simulating transversely iso-
tropic rocks. It assumes that transversely isotropic 
rocks consist of rock matrix, bedding planes, and 
randomly distributed cracks. Rock matrix is the base 
material which is isotropic and size independent, 
while bedding planes and cracks cause anisotropy 
and size effect respectively. The BPM of shale was 
developed in PFC2D. The BPM used bonded parti-
cles, smooth joints, and discrete fractures to model 
shale matrix, bedding planes, and cracks. The model 
introduced the three components and calibrated them 
progressively. At first, the matrix model was created, 
and its uniaxial compressive strength (UCS) was 
isotropic and size independent. Next, the bedding 
planes were introduced into the matrix model, and 
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direction and the size effect influences the strength 
with the size of the test specimens. Both properties 
affect the estimation of rock mass strength from the 
result of standard-sized rock specimen. Shale is often 
considered as an anisotropic rock and is the immedi-
ate roof of the Appalachian underground coal mines. 
It is reported to have the highest rate of roof falls in 
the United States (Murphy 2016). The incorrect esti-
mation of shale strength which often excludes anisot-
ropy and size effect, has resulted in inadequate roof 
support design leading to roof fall problems (Arora 
and Mishra 2015; Bajpayee et al. 2014; Xue 2019).

Researchers have dealt with the anisotropy and 
size effect of rock strength since the early stage of 
rock mechanics. For some sedimentary and metamor-
phic rocks, the anisotropy is easily identified by visual 
inspection as they have bedding, foliation, or schistos-
ity features, which are called the bedding planes. Spe-
cifically, shale is transversely isotropic with physi-
cal properties that are symmetric about the axis that 
is normal to the bedding planes. There are extensive 
experimental data that have reported strength anisot-
ropy (Allirot and Boehler 1979; Attewell and Sand-
ford 1974; Donath 1964; McLamore and Gray 1967; 
Niandou et  al. 1997; Ramamurthy 1993). Duveau 
et al. (1998) summarized that the strength was maxi-
mum when the major stress was normal or parallel to 
bedding plane and the strength was minimum when 
the major stress and bedding planes was oriented 
between 30 and 60°. This strength variation with the 
orientation angle is referred as the “U-shaped” curve. 
To describe this “U-shaped” curve, numerous fail-
ure criteria have been proposed (Pei 2008). Among 
them, the single plane of weakness model is most 
extensively used (Jaeger 1960). Jaeger assumed that 
the bedding planes are weakness, and the rock fail-
ure occurs either along the bedding planes or inside 
the rock matrix. Unlike the anisotropy, the size effect 
of strength was noticed from the laboratory experi-
mental result (Bieniawski 1968; Hoskins and Horino 
1969; Mogi 1962; Pratt et al. 1972). Hoek and Brown 
(1980) statistically analyzed the published experimen-
tal data and concluded that the uniaxial compressive 
strength (UCS) decreased with increase in the speci-
men size, and the rate of decrease diminished above a 
certain size. To correlate this decreasing size effect, 
Hoek and Brown also proposed a power-law model 
(Hoek and Brown 1980), which was extensively used 
in rock engineering. Goodman (1989) explained the 

size effect from the physical point of view. Goodman 
pointed out that that the larger rock sample is more 
likely to contain flaws (cracks) in “critical locations”, 
thus it is more likely to fail under a certain stress state. 
Other than small-size rock, Kulatilake (2017) has 
conducted extensive research on anisotropic and size 
dependent strength of rock mass. He stated that the 
discontinuities in the rock mass makes the strength 
to be anisotropic and size dependent. He categorized 
the discontinuities into major and minor depending 
on the size. Major discontinuities (faults, bedding 
planes, and dikes) are considered as deterministically 
single features causing anisotropy. Minor discontinui-
ties (fissures, fractures, and joints) are considered as 
randomly distributed features causing size effect. In 
summary, it is widely accepted that bedding planes 
causes the anisotropic strength and cracks cause the 
size dependent strength.

Shale, and other transversely isotropic rocks, con-
tains bedding planes as the major discontinuities and 
cracks as the minor discontinuities. Therefore, these 
rocks should exhibit anisotropy and size effect at the 
same time. However, there are limited experimental 
data that have reported this combined anisotropy and 
size effect. Song et al. (2018) investigated the anisot-
ropy and size effect on the UCS of coal. The UCS 
exhibits the “U-shaped” curve against the orienta-
tion angle for different-sized specimen. Though the 
decreasing size effect of UCS shows in all the ori-
entation angles, the size effect is greatest when the 
orientation angle is 90° and is least when the orien-
tation angle is 45°. Li et  al. (2021) investigated the 
anisotropy and size effect on the triaxial compressive 
strength of slate. The triaxial compressive strength 
exhibits the “U-shaped” curve against the orientation 
and follow the decreasing size effect. The experimen-
tal study on the combined size effect and anisotropy 
is not available since tests need to be conducted on 
different-sized specimens at different orientations. 
The specimen preparation is time consuming, and the 
compression test is difficult to conduct for different-
size specimens. Therefore, the investigation through 
laboratory experiment requires a large testing pro-
gram which may not be economical.

The difficulties of the laboratory experiment are 
easily overcome using the numerical modeling tech-
nique. The challenge of numerical modeling is in 
creating a model that shows both the anisotropy 
and the size effect. For transversely isotropic rocks, 
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anisotropy and size effect are caused by bedding 
planes and cracks respectively. Then, the problem 
becomes how to introduce these discontinuities into 
numerical models. Kulatilake (2017) has performed 
pioneering reseach in using different numerical meth-
ods to generate the rock mass model with discontinui-
ties. Kulatilake (1985) used the finite element method 
to generate the two-dimensional rock mass model that 
contains joints. This model successfully presents the 
anisotropy and size effect of rock mass. Kulatilake 
et al. (1992, 1993) used the distinct element method 
to create the two-dimensional and three-dimensional 
rock mass models with joints. They analyzed the 
influence of joint density, joint size, and joint orienta-
tion on the anisotropy and of size effect rock mass. 
They further developed the fracture tensor component 
to capture the influence of joint system and incopo-
rated it into an incrementally linear elastic, ortho-
tropic consititutive model. Kulatilake et  al. (2001) 
used the bonded-particle model (BPM) to simulate 
the jointed rock blocks. They used spherical particles 
to model both intact rock and joints by assign dif-
ferent micro-mechanical propoerties. They also pro-
vided a realistic procedure for calibrating these prop-
erties based on the laboratory results. Compared with 
the finite element method and the distinct element 
method, the BPM method has the ability of simulat-
ing large displacement, large rotation, and progres-
sive failure mechanism. In the past decades, the BPM 
method has been upgraded to model intact rock and 
discontinuities. As for intact rock, Potyondy (2012) 
proposed the flat-joint contact model for modeling the 
contact mechanism between bonded particles. This 
new contact model replicates many microstructural 
behaviors of intact rocks. As for minor discontinui-
ties, Poulsen and Adhikary (2013) introduced cracks 
by randomly changing the contacts inside the BPM 
from bonded state to unbonded state. Their model 
successfully showed the size effect of UCS. They 
also found that the large sized model with high crack 
density had lower UCS. Zhang et al. (2011) modeled 
cracks as discrete fractures which were generated 
using the discrete fracture network (DFN) technique. 
The DFN technique stochastically generates discrete 
fractures based on their geometrical characteristics. 
The original contact that intersects with the discrete 
fractures were replaced with the smooth-joint con-
tact model for simulating the mechanical behavior of 
cracks. Their model captured the size effect on UCS. 

As for major discontinuities, Park and his collegues 
(2015, 2018) used the smooth joint model to simu-
late the bedding planes in gneiss, shale, and schist. 
The numerical modeling result corresponded well 
with the anisotropic behavior of these rocks from 
laboratory observations. They also systematically 
verified the numerical modeling result with the ana-
lytical solutions. In summary, the BPM method and 
its embedded contact models have successfully been 
applied to model intact rock, minor discontinuities, 
and major discontinuities. However, there is limited 
research that has comprehensively investigated the 
anisotropy and size effect of rock strength.

The objective of this paper is to establish a new 
BPM for transversely isotropic rocks. This model 
should exhibit anisotropy and size effect. For this 
research, shale is selected for the rock type, and it 
is assumed that the anisotropy is caused by bedding 
planes and size effect is caused by randomly distrib-
uted cracks. The BPM of shale comprises three com-
ponents: (1) shale matrix modeled by bonded parti-
cles, (2) bedding planes modeled by smooth joints, 
and (3) cracks modeled by discrete fractures. This 
study calibrated these three components in a pro-
gressive way. By applying the developed model, this 
study investigated the size effect and anisotropy of 
shale, which was helpful in estimating its field-scale 
strength for the roof stability analysis.

2 � Methodology

As shown in Fig. 1, the structure of shale is simpli-
fied, consisting of shale matrix, parallel bedding 
planes, and randomly distributed cracks. Shale matrix 
is the base material which is assumed to be isotropic 
and size independent, while bedding planes and 
cracks are viewed as the major and minor disconti-
nuities that cause the anisotropy and the size effect 
respectively. In the framework of PFC2D, shale 
matrix, bedding planes, and cracks are modeled using 
the bonded particles, smooth joints, and discrete frac-
tures respectively. The assembly of bonded particles, 
smooth joints, and discrete fractures forms the BPM 
of shale (BPM-Shale).
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2.1 � Calibration Procedure

It is impossible to generate the BPM-Shale directly by 
calibrating the microparameters of the bonded particles, 
smooth joints, and discrete fractures at the same time. 
Therefore, this study calibrated the three components in 
a progressive way:

(1)	 Step 1 generates the BPM of shale matrix (BPM-
Matrix) and calibrates it so that the mechanical 
properties of the BPM-Matrix match those of 
shale matrix.

(2)	 Step 2 creates the BPM of shale matrix with bed-
ding planes (BPM-Bedding) by inserting smooth 
joints into the BPM-Matrix. It then calibrates 
the microparameters of smooth joints so that the 
BPM-Bedding shows the anisotropic mechanical 
behavior.

(3)	 Step 3 creates the BPM of shale matrix with 
cracks (BPM-Crack) by inserting the discrete 
fractures into the BPM-Matrix. It then calibrates 
the microparameters of the discrete fractures so 
that the BPM-Crack presents the decreasing size 
effect of UCS.

(4)	 Step 4 creates the BPM of shale (BPM-Shale) by 
adding the smooth joints and the discrete frac-
tures into the BPM-Matrix. The BPM-Shale is 
used to study its anisotropy and size effect.

Fig.  2 shows the development procedure and the 
relationships between the BPM-Matrix, BPM-Bed-
ding, BPM-Crack, and BPM-Shale. Without loss 
of generality, this study calibrated the anisotropic 
behavior at the orientation � of 0°, 45°, and 90°, and 
it calibrated the size effect at the size D of 25, 50, 75, 

100, 125, 150, and 200 mm. Fig. 3 shows the model 
generation schedule of BPM-Matrix, BPM-Bedding, 
BPM-Crack, and BPM-Shale.

2.2 � Mechanical Properties of BPM Models

This study calibrated the microparameters of bonded 
particles, smooth joints, and discrete fractures 
based on the mechanical properties of BPM-Matrix, 
BPM-Bedding, and BPM-Crack, respectively. The 
BPM-Matrix is the intact part of shale, which has 
the highest deformation modulus and strength. The 
deformation modulus and strength of BPM-Bedding 
are anisotropic due to the smooth joints. The BPM-
Crack shows the decreasing size effect of UCS due 
to the discrete fractures. It is difficult to derive the 
mechanical properties of the BPM models based 
on the experiment result of shale. Instead, we set 

Fig. 1   The structure of 
shale and the BPM mod-
eling technique

Size
independent

Isotropic

Size dependent Anisotropic 

BPM-Crack BPM-Bedding

BPM-Matrix

Step 1

Step 3 Step 2

BPM-Shale 

Step 4

Fig. 2   Development procedure and the relationships between 
BPM-Matrix, BPM-Bedding, BPM-Crack, and BPM-Shale
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appropriate mechanical properties for the BPM 
models. We assumed that through the calibration of 
the BPM models, the assembly of bonded particles, 
smooth joints, and discrete fractures (BPM-Shale) can 
closely represent shale specimens in the laboratory.

Table  1 lists the mechanical properties of BPM-
Matrix and BPM-Bedding at the size of 50 mm. The 
Young’s modulus and direct tensile strength (DTS) of 
BPM-Matrix was set 5% higher than that of the BPM-
Bedding with the orientation of 90°, and the UCS of 
the BPM-Matrix was set 5% higher than the value of 
BPM-Bedding with the orientation of 0°. These prop-
erties selected here is just an example from (Jin et al. 
2018). In fact, other set of properties can be used as 
long as they can reflects the anisotropy of rock. For 

BPM-Crack, the UCS is lower than BPM-Matrix, and 
it should decrease with the increase of model size.

2.3 � Calibration Setup

This study conducted the model calibration through 
the uniaxial compression test and the direct tension 
test. Fig.  4 shows the uniaxial compression and the 
direct tension test setup and a typical stress–strain 
curve. In the uniaxial compression test, a pair of fric-
tionless grid walls is used as the loading platens. In 
the direct tension test, the top and bottom surface par-
ticles of the model are fixed to act as the loading plat-
ens. During the tests, the rate of loading is maintained 
at a level to ensure a quasi-static load on the model. 
The stress is measured as the wall force divided by 
the cross-sectional area of model, while the strain is 
measured as the change of distance between opposing 
walls (Potyondy 2019). The Young’s modulus is cal-
culated as the tangent modulus at the stress level that 
is 50% of the UCS. The model genesis and test pro-
cedure follow “Material-Modeling Support for PFC 
[fistPkg6.6]” (Potyondy 2019).

Fig. 3   Schematic view of the model generation schedule

Table 1   Mechanical properties of BPM-Matrix and BPM-
Beddings

Specimen type E (GPa) UCS (MPa) DTS (MPa)

BPM-matrix 38.81 64.92 9.12
BPM-bedding (0°) 16.53 61.82 2.73
BPM-bedding (45°) 21.18 47.68 4.97
BPM-bedding (90°) 36.96 57.39 8.69
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3 � Result

3.1 � BPM‑Matrix

In the BPM-Matrix, this study selected the flat-joint 
model for simulating the contact mechanism between 
bonded particles. The flat-joint model has the advan-
tage of matching the large UCS/DTS ratio and rep-
licating many microstructural behaviors of rocks 
(Potyondy 2018). Table  2 shows the determined 
microparameters of BPM-Matrix. Fig.  7 shows the 
stress–strain curve of the calibrated BPM-Matrix. 
The Young’s modulus, UCS, and DTS are 38.79 GPa, 
64.89 MPa, and 8.99 MPa respectively. The mechani-
cal properties of BPM-Matrix agree well with those 
in Table 1.

To check the size independence on its UCS, the 
BPM-Matrix was scaled to the sizes of 25, 75, 100, 
125, 150, and 200 mm. It is important to note the ran-
domness of generating particles. It causes the pack-
ing arrangement of particles varied with the change 
in the model size. To eliminate the influence of ran-
domness, this study created 10 realizations for each 
model size by varying the random seed from 1 to 
10, then used the average value of the 10 realiza-
tions for analyzing the size effect on the UCS. Thus, 
there were 7 differently sized models and their 10 
realizations. Fig.  5 shows the uniaxial compression 
test results of the BPM-Matrix: (a) variation of UCS 
with model sizes, and (b) displacement magnitude of 
failed BPM-Matrix of 50, 100, and 150  mm at ran-
dom seed 1. From Fig.  5(a), the dispersion of UCS 
exhibits no clear change with increasing model size. 

The average value of UCS is almost independent of 
model size, except for the small difference at 25 mm. 
Fig. 5(b) presents the displacement of particles in the 
grayscale image, where the darkness represents the 
displacement magnitude. The differences in darkness 
indicate the relative shear displacement along a plane, 
where the failure occurs. In general, the failure pat-
tern is oblique shear, and it is independent of model 
size. Fig. 6 compares the failure mode for the 100 mm 
BPM-Matrix at random seed from 1 to 5. It shows 
that all the models present the oblique shear though 
the failure location varies. The similarity of failure 
mode at different random seed applies to other-size 
models, though only the 100  mm BPM-Matrix is 

Fig. 4   Typical stress–strain 
curves of the uniaxial 
compression test and direct 
tension test

Table 2   Microparameters properties of the BPM-Matrix

*  The Microparameters are defined in Potyondy (2019)

Microparameter* Value

Common group
� , C� , �v[kg/m3]
Sg , TSD , { D{l,u}[mm], ϕ},Dmult

0.7, 1, 2558
0, 0, {1.0, 1.6, 1.0}, 1.0

Packing group
Pm [MPa], �P , �lim , nlim
CP,nc

30, 1 × 10–2, 8 × 10–3, 2 × 106

1, 0.08
Flat-jointed material group
CMS , gi [mm], �B , �G , 

(

go

)

{m,sd}
[mm], [ Nr , Nα]

{C� , �v }, E∗[GPa], �∗ , μ
(

σc
)

{m,sd}
 [MPa], (c){m,sd}[MPa], 

ϕ[degrees]

False, 0.15, 1, 0, {0, 0}, 2
{0, 1}, 45, 3.6, 0.4
{13.8, 0}, {37, 0}, 30

Linear material group
E∗
n
[GPa], �∗

n
,�n 45, 3.6, 0.4
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presented here as an example. In summary, the fail-
ure pattern of BPM-Matrix is oblique shear, it is inde-
pendent of model size, and the influence of random 
seed is limited.

3.2 � BPM‑Bedding

This study modeled bedding planes using smooth 
joints, which were added by replacing the flat-joint 
model between particles with the smooth-joint con-
tact model. The smooth-joint model has the advan-
tage of overcoming the inherent roughness problems 
of particles (Itasca Consulting Group 2019).

Table  3 presents the determined microparam-
eters of the smooth joints model. Fig.  7 compares 
the stress–strain curves of BPM-Bedding and BPM-
Matrix. The Young’s modulus, UCS, and DTS of 
BPM-Bedding at the orientation of 0° (BPM-Bed-
ding-0) are 16.46 GPa, 61.47  MPa, and 2.78  MPa 
respectively. The Young’s modulus, UCS, and DTS 
of BPM-Bedding-45 are 22.42 GPa, 47.90  MPa, 
and 4.59  MPa respectively. The Young’s modulus, 
UCS, and DTS of BPM-Bedding-90 are 36.37 GPa, 
54.20  MPa, and 8.71  MPa respectively. In general, 
the mechanical properties of BPM-Bedding match 
well with those in Table 1.

Fig. 5   Uniaxial compression test results of the BPM-Matrix: a variation of UCS with different model sizes, b displacement magni-
tude of failed models of 50, 100, and 150 mm at random seed 1

Fig. 6   Failure mode comparision for the 100 mm BPM-Matrix at random seed from 1 to 5 (from left to right)

Table 3   Microparameters of the smooth joint model

Normal stiffness 
(GPa/m)

Shear stiffness 
(GPa/m)

Friction coefficient Friction angle (°) Tensile strength 
(MPa)

Cohesion (MP) Spacing
(mm)

1750 1750 0.4 30 2.2 13.5 10
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The BPM-Bedding models were scaled to the sizes 
of 25, 75, 100, 125, 150, and 200  mm to check the 
size independence. This study created 10 realiza-
tions for each model of the specific size and orien-
tation. The average value of the 10 realizations was 

used for analyzing the size effect on the UCS. Fig. 8 
shows the uniaxial compression test results of the 
BPM-Bedding: (a) variation of UCS with model sizes 
and orientation, (b) displacement magnitude of failed 
BPM-Bedding-0 at random seed 1, (c) displacement 
magnitude of failed BPM-Bedding-45 at random 
seed 1, and (d) displacement magnitude of failed 
BPM-Bedding-90 at random seed 1. From Fig. 8(a), 
there was no observable change in the UCS disper-
sion with the increase in the model size at various 
orientations. The average value of UCS is depend-
ent on the orientation but independent of the model 
size. As shown in Figs.  8(b)–(d), the displacement 
magnitude of the failed BPM-Bedding demonstrates 
that the failure pattern is dependent on the orienta-
tion of the bedding plane. When the orientation is 0°, 
the failure pattern of BPM-Bedding is similar to the 
BPM-Matrix. The results showed the oblique shear 
failure inside shale matrix and across the bedding 
planes. When the orientation is 45°, relative displace-
ment occurs at the bedding planes, which indicates 

Fig. 7   Stress–strain curves of calibrated BPM-Matrix and 
BPM-Bedding at the size of 50 mm

Fig. 8   Uniaxial compression test results of the BPM-Bedding: 
a variation of UCS with different model sizes and orientations, 
b displacement magnitude of failed BPM-Bedding-0 at random 

seed 1, c displacement magnitude of failed BPM-Bedding-45 
at random seed 1, d displacement magnitude of failed BPM-
Bedding-90 at random seed 1
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the shear failure along bedding planes. When the 
orientation is 90°, the failure pattern is tensile split-
ting along bedding planes. Fig.  9 compares the fail-
ure mode for the 100  mm BPM-Bedding-0, BPM-
Bedding-45, and BPM-Bedding-90 at random seed 
from 1 to 5. Regarding the change of random seed, 
the BPM-Bedding-0 shows the oblique shear failure 
inside shale matrix, the BPM-Bedding-45 shows the 
shear failure along bedding planes, and the BPM-
Bedding-90 shows the tensile splitting along bedding 
planes. In summary, the failure pattern of BPM-Bed-
ding is affected by the orientation and is independent 
of the model size. The influence of the random seed 
is limited.

3.3 � BPM‑Crack

This study modeled cracks using the discrete frac-
tures, whose mechanical behavior is simulated as 
broken shale matrix. Thus, cracks inherited the same 
microparameters of shale matrix except that the ten-
sile strength and cohesion were set as 0. The discrete 
fractures were generated using the DFN technique 

based on the geometrical properties of cracks such 
as position, orientation, size, and density. Research 
has widely accepted that the position and orienta-
tion cracks are randomly distributed in rocks (Cund-
all et al. 2008; Poulsen and Adhikary 2013). The size 
and density of cracks are the factors causing the size 
effect, as a larger specimen is more likely to contain 
larger cracks; thus it is more likely to fail (Good-
man 1989; Griffith 1924). Bonnet et al. (2001) sum-
marized that the power law distribution provides a 
widely applicable characterization for the size and 
density of cracks. The relationship of crack density 
and size is n(l) = � × l−c , where l is the crack size, 
n(l) is the number of cracks with the size in the range 
[l, l + dl] , � is the density constant, and c is the scaling 
exponent. The size distribution of cracks is between 
the lower bound lmin and upper bound lmax.

In this study, the value of lmin was set as the small-
est size of particles, since the smallest crack exists at 
the boundary of the smallest particles. The value of 
lmax was changing with the model size, which indi-
cates that the larger model is more likely to contain 
large cracks. The density constant � and the scaling 

Fig. 9   Failure mode comparision for the 100 mm BPM-Bedding-0, BPM-Bedding-45, and BPM-Bedding-90 at random seed from 1 
to 5 (from left to right)
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exponent c were adjusted so that the BPM-Crack 
shows the decreasing size effect on UCS. Table  4 
shows the determined parameters of the power-law 
distribution of crack size and density after calibration. 
Fig. 10 compares the calibration result of BPM-Crack 
at different sizes and adds the result of BPM-Matrix 
for the convenience of comparison. This figure shows 
that the introduction of cracks decreases the Young’s 
modulus, UCS, and DTS. Furthermore, the value of 
Young’s modulus, UCS, and DTS decreases as the 

model size increases in the general case. The decreas-
ing trend is not strictly applied in the cases of 25, 50, 
and 200  mm. The cause of this anomaly is the ran-
domness of generating cracks. To avoid this anomaly, 
the average value of 10 realizations was used to study 
the size effect.

Fig. 11 shows the uniaxial compression test results 
of the BPM-Crack: (a) variation of UCS with model 
sizes, and (b) displacement magnitude of failed BPM-
Crack of 50, 100, and 150 mm at random seed 1. From 
Fig. 11(a), the dispersion of the UCS of BPM-Crack 
is much more prominent than those of BPM-Matrix 
and BPM-Bedding. Unlike the constant dispersion 
in BPM-Matrix and BPM-Bedding, the dispersion 
in BPM-Crack decreases with the increase of model 
size. The change of random seed alters the configura-
tion of cracks as shown in Fig. 12. When the model 
size is small and contains only a few cracks, the UCS 
varies considerably when the random seed changes. 
As the model size increases to contain more cracks, 
the model becomes more homogeneous regarding the 
configuration of cracks. Therefore, the UCS variabil-
ity decreases as model size increases. More impor-
tant, the result clearly shows the decreasing size effect 
on the UCS. The average value of UCS decreased 
from around 45  MPa to 30  MPa when the model 
size increased from 25 to 200 mm, and the decreas-
ing rate of UCS diminished as model size increased. 
According to Fig. 11(b), the cracks affected the dis-
placement magnitude of failed BPM-Crack. The rela-
tive shear displacement occurred around the crack 
and caused localized failure. Moreover, the localized 

Table 4   Parameters of the power-law distribution of crack size 
and density

Parameter α (mm/mm2) c l
min

(mm) l
max

 (mm)

Value 5000 3 1 Model size

Fig. 10   Stress–strain curves of calibrated BPM-Bedding at 
different sizes

Fig. 11   Uniaxial compression test results of the BPM-Crack: a variation of UCS with different model sizes, b displacement magni-
tude of failed models of 50, 100, and 150 mm at random seed 1
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failure initialized the tensile fissure. The localized 
failure and tensile fissure were close the largest crack, 
which demonstrates that larger cracks have higher 
influence. As larger model is more likely to contain 
larger cracks, it has lower UCS. But the crack length 
is restricted by the power law distribution as the crack 
number n(l) decreases very quick when the crack 
length l increases. When the model size increases to 
a certain size (125  mm here), the increase of large 
cracks becomes negligible and the decrease rate of 
UCS diminishes. It is important to note that all the 
models present the oblique shear regardless of the 
size, though the cracks can cause small tensile fissure. 
Fig.  12 compares the failure mode for the 100  mm 
BPM-Crack at random seed from 1 to 5. It shows that 
the change of random seed affects the crack configu-
ration, leading to different location of the tensile fis-
sure. In summary, the failure pattern of BPM-Crack 
is shear oblique and it is independent of model size. 
The localized failure and tensile fissure increase with 
model size, and they are affected by random seed.

3.4 � BPM‑Shale

This study created the BPM-Shale using an assem-
bly of bonded particles, smooth joints, and discrete 
fractures. There are three different orientations (0, 
45, and 90°) and seven different sizes (25, 75, 100, 
125, 150, and 200 mm) for the models of BPM-Shale. 
Each of the models has 10 realizations to eliminate 
the randomness of packing arrangement and crack 
distribution. Fig.  13 compares the stress–strain 
curves of BPM-Shale at some orientations and sizes 
as examples. From Fig.  13(a), the Young’s modulus 
and UCS of 50  mm BPM-Shale is anisotropic. The 
Young’s modulus increases with the increase of ori-
entation angle. The UCS is maximum when the ori-
entation angle is 0°, is medium when the orientation 

angle is 45°, and is minimum when the orientation 
angle is 90°. The anisotropic behavior is same to 
that of BPM-Bedding. From Fig. 13(b), the Young’s 
modulus and UCS of BPM-Shale-45 decreases as the 
model size increases in the general case. The reduc-
tion of Young’s modulus is small, but the decrease of 
UCS is significant. The decreasing trend is not strictly 
applied in all the model sizes due to the random-
ness of generating cracks. The decreasing size effect 
is same to that of BPM-Crack. Therefore, the BPM-
Shale inherits anisotropy from BPM-Bedding and 
size effect from BPM-Crack.

Fig. 14 shows the uniaxial compression test results 
of the BPM-Shale: (a) variation of UCS with model 
sizes and orientations, (b) displacement magnitude of 
failed BPM-Shale-0 at random seed 1, (c) displace-
ment magnitude of failed BPM-Shale-45 at random 
seed 1, and (d) displacement magnitude of failed 
BPM-Shale-90 at random seed 1. From Fig.  14(a), 
the dispersion of the UCS of BPM-Shale is very close 
to that of BPM-Crack. The dispersion is significantly 
more prominent than those of BPM-Matrix and BPM-
Bedding. Moreover, the dispersion in BPM-Shale 
decreases with the increase of model size. The change 
of dispersion is like that of BPM-Crack but different 
than those of BPM-Matrix and BPM-Bedding. The 
significant dispersion of UCS and its change is caused 
by the randomness of crack distribution. It is evident 
that the average UCS is anisotropic and size depend-
ent. The maximum, medium, and minimum UCS at 
each size occurs when the orientation is 0°, 90°, and 
45°, respectively. The average UCS at the three orien-
tations decreases when the model size increases from 
25 to 200 mm and the rate of decrease diminishes.

As shown in Fig. 14(b) through (d), the displace-
ment magnitude of failed BPM-Shale demonstrates 
that the failure pattern is dependent on the orienta-
tion and the model size. The general failure pattern 

Fig. 12   Failure mode comparision for the 100 mm BPM-Crack at random seed from 1 to 5 (from left to right)
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of BPM-Shale is similar to that of BPM-Bedding. 
When the orientation is 0°, the oblique shear failure 
is across the bedding planes. When the orientation is 
45°, the shear failure is along bedding planes. When 

the orientation is 90°, the tensile failure occurs along 
the bedding planes. However, the existence of cracks 
causes the localized failure since the relative shear 
displacement tends to occur at the cracks. Moreover, 

Fig. 13   a stress–strain curves of 50 mm BPM-Shale at orientation angles of 0, 45, and 90° b stress strain curves of BPM-Shale-45 at 
different sizes

Fig. 14   Uniaxial compression test results of the BPM-Shale: 
a variation of UCS with different model sizes and orientations, 
b displacement magnitude of failed BPM-Shale-0 at random 

seed 1, c displacement magnitude of failed BPM-Shale-45 
at random seed 1, d displacement magnitude of failed BPM-
Shale-90 at random seed 1
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the localized failure leads to the development of the 
tensile failure. The influence of cracks is more sig-
nificant in larger models as they might include larger 
cracks. Fig.  15 compares the failure mode for the 
100  mm BPM-Shale-0, BPM-Shale-45, and BPM-
Shale-90 at random seed from 1 to 5. It shows that 
the change of random seed affects the crack configu-
ration, leading to different location of the tensile fis-
sure. However, the general failure pattern is depend-
ent on the orientation of bedding planes.

3.5 � Combined Influence of Bedding Planes and 
Cracks

To further analyze the influence of bedding planes 
and cracks on the average UCS of BPM-Shale, 
Fig.  16 presents the results of BPM-Matrix, BPM-
Crack, and BPM-Shale. The transformation assumes 
that the influences of bedding planes and cracks are 
additive. The influence of cracks (the deterioration 
rate Dcrack ) is expressed as the relative decrease of 
UCS after the cracks are introduced, Dcrack = (UCS 
of BPM-Matrix − UCS of BPM-Crack) ∕ UCS of 

BPM-Matrix. Correspondingly, the influence of bed-
ding planes (the deterioration rate of cracks DBedding ) 
is expressed as Dbedding = (UCS of BPM-Crack − UCS 
of BPM-Shale) ∕ UCS of BPM-Matrix. As shown in 
Fig.  16, the deterioration rate Dcrack is much higher 
than DBedding . Moreover, Dcrack increases from 37 to 
58% as the model size increase from 25 to 125 mm, 
and it maintains around 58% from 125 to 200  mm. 
Therefore, the influence of cracks increases with 
model size and the increase rate diminishes above 
125  mm. However, DBedding is relatively stable as 
the increase of model size, except for at the size of 
25 mm. This anomaly might be due to the large dis-
persion for small size models. When the orientation 
is 0°, DBedding decreases from 9 to 5% as model size 
increases from 50 to 200 mm. When the orientation 
is 45°, DBedding is around 14% for all sizes. When the 
orientation is 90°, DBedding is around 11% as the model 
size increases from 50 to 200 mm. Therefore, bedding 
planes have a higher influence when the orientation 
is 45°. The influence is lesser when the orientation is 
90° and least when the orientation is 0°.

Fig. 15   Failure mode comparision for the 100 mm BPM-Shale-0, BPM-Shale-45, and BPM-Shale-90 at random seed from 1 to 5 
(from left to right)
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Fig. 17 compares the influences of cracks and bed-
ding planes on the displacement magnitude of the 
failed BPM models at the size of 100  mm. At the 
top left corner of BPM-Matrix, there was no frac-
ture. At the same location of BPM-Crack and BPM-
Bedding-0, a fracture occurred due to the cracks and 
bedding planes respectively. When the cracks and 
bedding planes coexist in BPM-Shale-0, the fracture 
is much larger in size. In addition, its shape is also 
related to the position of cracks and bedding planes. 
This result demonstrates that both the cracks and 

bedding planes contribute to the development of frac-
ture inside BPM-Shale-0. However, the amount of 
their contributions cannot be distinguished.

3.6 � Extension of BPM‑Shale to other Orientation 
Angles

Although the bedding plane were calibrated at three 
orientation angles (0, 45, and 90°), we believe it had 
captured the anisotropy and it could be applied to 
other orientation angles. This study then created the 
BPM-Shale at 15, 30, 60, and 75°. Each of the mod-
els has 10 realizations to eliminate the randomness of 
packing arrangement and crack distribution. Fig.  18 
shows the average UCS of BPM-Shale at seven orien-
tations (including 0, 45, and 90°). The UCS for each 
model size exhibits the “U-shaped” curve against the 
orientation angle. The BPM-Shale has the maximum 
UCS at � = 0◦ , and the second largest at � = 90◦ , and 
the minimum at � = 60◦ . In addition, the UCS shows 
the decreasing size effect in all the orientation angles, 
and the decrease rate diminishes. It is concluded 
that the anisotropy and size effect coexist when the 
model size is small, the size effect disappears when 
the model size reaches to a certain size (125  mm 
here). The reason is that larger model contains more 
cracks, which making the model statistically homo-
geneous with respect to the influence of cracks. The 

Fig. 16   Influences of cracks and bedding planes on the UCS 
of the BPM models

Fig. 17   Influences of 
cracks and bedding planes 
on the displacement 
magnitude of the failured 
BPM models at the size of 
100 mm and random seed 1
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anisotropic and size dependent UCS of BPM-Shale 
follows the same trend in the experimental result of 
the transversely isotropic rock slate (Li et al. 2021).

4 � Conclusion

This research proposed a new BPM for transversely 
isotropic rock that integrates both anisotropy and size 
effect. Using shale as an example, the BPM-Shale 
contains shale matrix, bedding planes, and cracks that 
are modeled by bonded particles, smooth joints, and 
discrete fractures respectively. This study proposed 
a progressive part method to calibrate the bonded 
particles, smooth joints, and discrete fractures based 
on the mechanical properties of BPM-Matrix, BPM-
Bedding, and BPM-Crack. This study used the cali-
brated BPM-Shale to investigate its size effect and 
anisotropy of UCS. A summary of the main conclu-
sions is as follows:

(1)	 The UCS of BPM-Matrix is isotropic and size 
independent. After the introduction of bedding 
planes, the UCS of BPM-Bedding is aniso-
tropic. After the introduction of cracks, the UCS 
of BPM-Crack is size dependent. The combi-
nation of bedding planes and cracks make the 
UCS of BPM-Shale become anisotropic and size 
dependent. The UCS of BPM-Shale shows the 
“U-shaped” curve and the decreasing size effect.

(2)	 The UCS variation is related to its failure pat-
tern, which is affected by the bedding planes and 
cracks. The bedding planes influence the over-
all failure pattern, however the cracks cause the 
localized failure. The influence of bedding planes 
is consistent regardless of model size. Therefore, 
anisotropy exists at different model size. The 
influence of cracks increases with model size. 
Therefore, size effect exists at small-sized model, 
and it disappears when the model size reaches a 
certain size.

(3)	 The numerical result of BPM-Shale corresponds 
well with the experimental result of slate (Li 
et  al. 2021). The proposed model and its cali-
bration procedure can be applied to model other 
transversely isotropic rocks for studying the size 
effect and anisotropy.
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