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Abstract

Numerous experimental results show the compressive strength of rock decreases with the increase of rock size. Research-
ers have developed different empirical failure criteria to correlate the decreasing size effect of compressive strength. For
the first time, this research theoretically derived the size-dependent Mohr—Coulomb failure criterion based on the Griffith
theory. The failure criterion contains three parameters: the cohesion, the friction angle, and the scaling exponent, which
can be determined based on the uniaxial compression test of different-sized specimens and the triaxial compression test of
standard-sized specimens. The determined failure criterion can be used to predict the compressive strength of different-sized
rocks at different compressive stress conditions. This failure criterion demonstrates that the cracks inside rock cause the size
effect, and the crack length distribution affects the size effect. Next, this research developed the bonded-particle model of
rock to verify the failure criterion. The rock model consists of matrix and cracks that are modeled by bonded particles and
discrete fractures, respectively. The modeling result shows that the strength of matrix model is size independent, and the
introduction of cracks causes the size effect of rock model. The parametric analysis verified the influence of crack length
distribution on the size effect according to the failure criterion. At last, this research summarized the experimental data of
uniaxial and triaxial compressive strength in previous size effect research to check the applicability of the failure criterion.
The fitting result shows the failure criterion fits well with the experimental data. Moreover, this research found experimental
evidence to support the failure criterion.
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Introduction

Obtaining the strength of large-sized rock is a long-stand-
ing challenge (Peng 2015). Researchers have rarely meas-
ured rock strength directly in the field due to the high cost
of in situ testing and the capability of test machines (Shi
et al. 2022). A common practice is to estimate the strength
of large-sized rock from laboratory testing conducted on
small-sized rock according to the size effect of rock strength.
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Researchers have conducted extensive studies into the size
effect of rock strength.

The uniaxial compressive strength (UCS) is one of the
most important mechanical parameters in rock engineering.
There are many studies on the size effect of UCS show-
ing that the UCS decreases as size increases (Abou-Sayed
and Brechtel 1976; Baecher and Einstein 1981; Bieniawski
1968; Darlington et al. 2011; Gonzatti et al. 2014; Herget
and Unrug 1976; Hoskins and Horino 1969; Jackson and
Lau 1990; Jahns 1966; Kong et al. 2021; Li 2019; Lund-
borg 1967; Mogi 1962; Natau et al. 1983; Panek and Fannon
1992; Pierce et al. 2009; Pratt et al. 1972; Simon and Deng
2009; Song et al. 2018). Only a few studies show that the
UCS increases first and then decreases with size (Hawk-
ins 1998; Masoumi et al. 2016; Nishimatsu et al. 1969;
Quifiones et al. 2017; Zhai et al. 2020). The triaxial com-
pression test conducts tests on rock specimens inside a pres-
sure vessel. Since the vessel restricts the size of specimen
that can be tested, size effect studies on the triaxial compres-
sive strength (TCS) are significantly fewer than the studies
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on UCS. Although studies of TCS are less available, most
of them show that the TCS decreases as size increases (Li
2019; Medhurst and Brown 1998; Singh and Huck 1972),
except for Masoumi et al. (2016) who reported that the TCS
increases first and then decreases. In summary, research has
more widely accepted that the compressive strength of rock
decreases with the increase of size.

To explain the decreasing size effect of rock strength, pre-
vious researchers developed the statistical theory (Weibull
1939), fracture energy theory (Bazant 1984), and fractal the-
ory (Carpinteri et al. 1995). The statistical theory assumes
that a larger object is likely to contain more defects (or
cracks), causing it to fail at a lower strength. Weibull (1939)
completed the mathematical formulation of the statistical
theory and proposed the statistical size effect model. The
fracture energy theory originated from the Griffith theory
that assumes material contains cracks and its failure initiates
by the propagation of cracks. Griffith (1924) derived the
critical stress required for crack propagation using a thermo-
dynamic approach. Furthermore, Bazant (1984) related the
material strength with material size and developed the size
effect law based on non-linear fracture mechanics. The frac-
tal theory assumes that the defects (or cracks) in a structure
are self-similar; thus, the size of most dangerous defects is
proportional to the structure size. Carpinteri (1994) pointed
out that the dispersion of defect size on mechanical behav-
ior becomes progressively less important for larger scales,
whereas it represents the fundamental feature for smaller
scales. Based on this assumption, Carpinteri et al. (1995)
proposed the multifractal scaling law. In general, the three
theories acknowledge that the cracks inside rock cause the
decreasing size effect of rock strength.

However, in mechanics of material, material strength is
size independent and failure criteria exclude size effect. To
correlate the size effect of compressive strength, research-
ers have proposed different size effect models and then
implemented them into failure criterion. Hoek and Brown
(1980) proposed the most well-known size effect model to
correlate the decreasing size effect of UCS. Medhurst and
Brown (1998) later incorporated this size effect model into
the Hoek—Brown failure. Furthermore, Song et al. (2018)
considered the anisotorpy of UCS and proposed an aniso-
tropic size effect model, which was later incoporated into
the Hoek—Brown failure criterion and Saeidi failure criterion
by Li et al. (2021). In addition, Masoumi et al. (2017) put
forward the unified size effect model and implemented it into
the Hoek—Brown failure criteria to describe the ascending
and then decreasing trend of compressive strength. Although
these empirical failure criteria correlate well with the size
effect of compressive strength, a theoretical failure criterion
is necessary.

The objective of this research is to derive a theoretical fail-
ure criterion that can correlate the decreasing size effect of
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compressive strength. The failure criterion assumes that the
cracks inside rock cause the size effect. This research devel-
ops a numerical model of rock, in which it models cracks
explicitly, to verify the proposed failure criterion. It collects
experimental data in previous publications in order to check
the applicability of the failure criterion. The research outcome
will provide a new size-dependent failure criterion that can
determine the compressive strength of rock at a large scale.

Formulation of the size-dependent
Mohr-Coulomb failure criterion

The Griffith theory states that brittle material is filled with
cracks, and a crack propagates when its maximum stress
exceeds the molecular cohesive strength of material, and crack
propagation is identified as material failure (Orowan 1949).
Figure 1a shows a flat elliptical crack in a two-dimensional
rock model, which is subjected to compressive stresses. o,
and o; are the first and the third principal stresses; [ is the
crack length; r is the crack tip radius; and g is the orientation
angle of the crack, which is defined as the angle between the
direction of o, and the normal to the crack long axis. McClin-
tock and Walsh (1962) assumed that cracks are closed under
compressive stress and there is friction effect along the crack
surface. They derived the expression of the maximum stress
at the crack tip as:

= %(l/r)l/z[(al —03)(sin 28 — p cos 2p) — u(oy +03)] ¢))

where y is the friction coefficient of the crack surface.
For later use, ¢ is the friction angle of the crack surface,
1 = tan ¢. When the maximum stress reaches the molecular
cohesive strength o, the crack starts to propagate. In such

cases, the stress condition satisfies

_ 20,(/)""* + 63(u — u cos 2f +sin 2)

- (2
—u —u cos 2f +sin 2f

01

Since the crack propagation is identified as rock failure,
Eq. (2) represents the stress condition of the rock failure.
Figure 1b depicts the failure curve of the rock model caused
by crack propagation. p, and p, represent different confining
stresses (p, > p; > 0). The value of ¢, tends to infinity as g
equals ¢ or 90°, and, therefore, the crack propagation is not
possible. The value of ¢, is finite as f§ varies from ¢ to 90°
and achieves minimum when f = 45° + ¢ /2. The minimum
value of o is

min 266.,(l/r)_1/200s ¢+ o5(1 +sin @)
L 1 —sin ¢

3

It is necessary to consider that rock contains numerous
cracks, and rock failure can occur at any crack. The Griffith
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Fig. 1 a Two-dimensional rock
model with single crack under
compressive stresses; b failure
curve of rock model caused by

01

crack propagation

(2)

theory assumes that cracks have uniform orientation and
position, the same crack tip radius, and that the interaction
of cracks is negligible (Orowan 1949). This study accepts
these assumptions. Furthermore, this study assumes that
cracks have the same friction coefficient. As such, the crack
length and orientation can determine the stress condition
of any crack propagation, according to Eq. (2). Figure 2a
shows the rock model with two cracks of different lengths
and orientations. / and /; are the length of the long crack and
the short crack, respectively. § is the orientation angle of the
long crack. 6 is the acute angle measured between the long
axes of the two cracks; 6 is positive when the measurement
is in a clockwise direction from the long crack to the short
crack, and 6 is negative when measurement is in a counter-
clockwise direction. Therefore, the orientation angle f, of
the short crack is

Fig.2 a Two-dimensional rock
model with two cracks under

compressive stresses; b failure
envelope of rock model caused

|

45°+ ¢ /2 9bo ﬁ

0 ¢
(b)
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The stress condition of the short crack propagation is

ZGL.r(ll/r)_l/Z +03(p— n cos2p; +sin 26) 5)
o= —p — p cos 20, +sin 2f,

Since the stress condition of the long crack propagation
follows Eq. (3), the stress condition of the rock failure is
given by the combination of Egs. (3) and (5), and the overall
compressive strength of rock is given by the lower stress of
the equations. Figure 2b depicts the failure envelope of the
rock model caused by crack propagation when 8 = 90°. The
value of ¢, tends to infinity as § equals O or 90°. The value
of o, is finite as g varies from 0 to 90° and has two local
minimum values when f = 45° + ¢p/2 and f = 45° — ¢/2.

by crack propagation when
0 =90°

01

(2)
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6 = 90° :
03 = P
03 = P1
. i
T i :
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The global minimum value of ¢, is determined by the length
of the long crack, which is the same as Eq. (3).

The above analysis can be applied to the case that rock
contains numerous cracks. Figure 3a shows the rock model
with twelve cracks of different lengths and orientation. f is
the orientation angle of the longest crack of length /.. The
stress condition of any crack propagation can be determined
using Egs. (3) and (5). Figure 3b depicts the failure envelope
of the rock model caused by crack propagation. The overall
compressive strength of rock is given by the lowest failure
envelope of the individual failure curves. The value of o, is
finite as f varies from 0 to 90° and has several local mini-
mum values. These local minimum values are different due
to the different crack lengths. The length of the longest crack
determines the global minimum value. It is important to note
that, as the number of cracks increases, the failure envelope
tends to be flat, and the overall compressive strength approx-
imates to the global minimum value and becomes isotropic.
Therefore, it is intuitive that the failure criterion of the rock
containing numerous cracks is:

2()'L.,(lnm/r)_l/2 cos ¢+ o5(1 +sin @)

°1= 1—sin ¢

(6)

where [, is the length of the longest crack. Equation (6)
demonstrates the relation between the compressive strength
and the longest crack length. The compressive strength is
lower if the rock contains longer cracks.

The analysis of the crack system in rock helps to deter-
mine the longest crack length [ .. Bonnet et al. (2001)
summarized that cracks exist on a wide range of lengths
from micrometers to kilometers and their length distribu-
tion follows certain scaling laws. They compared different
scaling laws and concluded that the power law provides the
best description for the crack length distribution. If the crack

Fig.3 a Two-dimensional rock
model with numerious cracks
under compressive stresses; b
failure envelope of rock model

length distribution follows the power law, the crack number
decreases with the increase of crack length as

N =A-1""-D? (7)

where N(I) is the number of the cracks with a length in the
range [/, + dl]. A is a constant that determines the density
of the crack system. a is a positive exponent that controls
the relative proportion of cracks of different lengths, a > 1.
D is the side length of the two-dimensional rock model. The
crack length has the lower bound /,,;, and the upper bound
l..x- The lower bound /;, is finite since the smallest crack
exists at the boundary of the smallest grains, while the upper
bound /., can be infinite since the length distribution is not
necessarily bonded to its upper bound (Itasca Consulting
Group 2019). To find the longest crack length [, within
the rock of size D, one must then use the cumulative crack
length distribution, which defines the number of cracks with
a length larger than a given value. Since there is no crack
(Iess than one) with length longer than /,

00 AD2 1-a
N(1> Iy, ) = /lmN(l)dl = lmax <1 (8)
Therefore,
A s
a1 2
P = <a - 1) e ®

Equation (9) demonstrates the relation between the long-
est crack length /., and the rock size D. [, increases as
the rock size D increases, which means larger rock contains
larger cracks. Figure 4 depicts the power law crack length
distribution in a log—log diagram as a demonstration. The
parameters A, a, D, [, [ and N(I > [,,) are presented
for further clarification.

max?

%]

caused by crack propagation

01

()
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Fig.4 Power-law crack length distribution in a log—log diagram 0

The relation between compressive strength and rock size
is built by combining Egs. (6) and (9):

1 JE 1
5(_A @1 7 .
204,12 ( = ) VD a T cos dtoz(I4sin @) 90 pk cos oy (I+sin @)

o1 = T—sin & T—sin ¢

1
T 2T
where ¢ = o, r'/2<i) “ and k =

L
a-1 a-1

(10)
where ¢ is the intrinsic cohesion of rock, k is the scaling
constant, and ¢ is the friction angle of rock. Equation (10)
demonstrates that the cohesion decreases as rock size
increases while the friction angle is constant. Since the
cohesion and friction angle of rock are measured through
the laboratory test of the standard size (50 mm) specimens,
Eq. (10) can be transformed into the normalized form:

—k
2650(%) cos ¢+ o3(1 +sin )
1—sin ¢

ey =, 2(B0AYET (1)

o, =
1 a—

where c5, is the cohesion of the rock with the size of 50 mm.
Equation (11) is named as the size-dependent Mohr—Cou-
lomb failure criterion. In practice, it is difficult to character-
ize the crack system inside rock and calculate the cohesion
c5, the friction angle ¢, and the scaling constant & directly.
Instead, data fitting of experiment results can estimate cs,
¢, and k.
By setting o; = 0, Eq. (11) becomes

pm A (DY (D) 1
L7 1 —sin ¢ \50/ ~ "0\50

where o, is the UCS of the rock of size D, and o5 is the
characteristic UCS of the rock with the size 50 mm. Figure 5
depicts the failure surfaces of the size-dependent failure cri-
terion in the principal stress space. The two surfaces have the
same cs, and ¢ but different k. The bold line represents the
failure curve in the uniaxial compression state.

Fig. 5 Failure surfaces of size-dependent failure criterion in principal
stress space

Validation of the proposed failure criterion
based on numerical modeling

The development of the size-dependent Mohr—Coulomb
failure criterion simplifies rock as consisting of matrix and
cracks. The matrix is the base material that is size inde-
pendent, while cracks are the structural features that cause
the size effect of compressive strength. The failure criterion
demonstrates that the crack length distribution parameters A
and a influence the cohesion cs, and the scaling constant k.
To validate the influence of the crack length distribution on
the size effect of compressive strength, this research devel-
oped the bonded-particle model of rock consisting of matrix
and cracks and tested it in the framework of PFC2D (Poty-
ondy and Cundall 2004).

Bonded-particle model of rock

The bonded-particle model of rock mimics matrix using
bonded particles and models cracks using discrete fractures.
As shown in Fig. 6a, the model simulates the mechanical
behavior of the matrix through the deformation and breakage
of the bonds. The contact model of the bonds is the flat-joint
model (Itasca Consulting Group 2019). The model generates
cracks using the discrete fracture network (DFN) technique
(Itasca Consulting Group 2019), given the geometric proper-
ties of cracks. As shown in Fig. 6b, cracks have the mechani-
cal behavior of broken bonds, as the bonds that intersect the
cracks inherit the same microparameters of matrix except
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Fig. 6 Bonded-particle model
of a matrix and b rock

Model of matrix

Bonded particles
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Fig.7 Setup of uniaxial and triaxial compression test

that the tensile strength and cohesion are set as 0. Therefore,
the microparameters of matrix and the geometric properties
of cracks determine the compressive strength of the rock
model. It is difficult to generate the rock model directly by
calibrating the matrix and cracks at the same time. The rock
model is developed in two steps. The first step is to cali-
brate the matrix model. The microparameters of matrix are
adjusted so that its mechanical properties match those of
real rock matrix and its UCS is independent of model size.
The second step is to create the rock model by inserting the
cracks into the matrix model. The model calibrates the geo-
metric properties of cracks so that it presents the decreasing
size effect of UCS.

This research conducted its model calibration through
the uniaxial compression test. After calibration, it tested
the model using the triaxial compression test to analyze
the size effect of compressive strength. Figure 7 shows the
setup of the uniaxial compression and the triaxial com-
pression test. In the uniaxial compression test, a pair of
frictionless grid walls simulates the loading platens. The
triaxial compression test adds another pair of frictionless
grid walls to apply a constant confining stress. Both the
tests maintain the rate of loading at a level to ensure a
quasi-static load on the model. The model genesis and
compression test procedure follow “Material-Modeling
Support for PFC [fistPkg6.6]” (Potyondy 2019).

@ Springer
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Table 1 Microparameters of matrix

Parameter Value
Common group:
a, C,, p, [kg/m’] 0.7, 1,2558

S Tsps 1Dy [mml, 1Dy 0,0, {1.0, 1.6, 1.0}, 1.0

Packing group:
P, [MPal, €p, €4i1m» M 30, 11072, 8x 1073, 2% 10°
Cpn, 1,0.08

Flat-jointed material group:

CMS’ gi [mm]’ ¢B’ d)G’ (ga) {m,sd}
[mm], {N,, N}

{C,» 4}, E [GPal, %, iy

(9¢) sa) [MPa, (€) ,50) IMPal,
[degrees]

False, 0.15, 1, 0, {0, 0}, {2, 2}
{0, 1}, 45, 3.6, 0.4
{13.8,0}, {37, 0}, 30

Linear material group:

E'[GPa], k,u, 45,3.6,0.4

Model calibration

This research calibrated its matrix model at 50 mm so that
the mechanical properties of the matrix model match those
of Marcellus shale in our previous research. We selected that
the Young’s modulus and UCS of Marcellus shale are 38.79
GPa and 64.89 MPa. In fact, the other set of properties can
be used as long as they are reasonable for rock. The value
of these microparameters was obtained through a trial-and-
error approach so that the Young’s modulus and UCS of the
matrix model are 38.79 GPa and 64.89 MPa, respectively.
The calibration procedure in detail has been explained in the
reference (Potyondy 2019).

Table 1 lists the microparameters of the matrix model
after calibration. The common group defines the parameters
in the particle genesis procedure, including local-damping
factor «, density code C,, density value p,, grain-shape code
S, size-distribution type Tp, diameter range Dy, ,, (lower
and upper), volume fraction ¢,, and diameter multiplier
D,...;; the packing group defines the parameters in the par-
ticle packing procedure, including material pressure P,,,
pressure tolerance €, equilibrium-ratio limit g;;,, step limit
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nym» packing-procedure code Cp, and grain-cloud porosity
n.; the flat-jointed material group defines the parameters for
flat-joint contacts, including microstructure-tracking flag
C,s, installation gap g;, bonded fraction ¢, gapped fraction
;. initial surface-gap distribution (g,) (msqy Elements in
radial direction N, and circumferential direction N, radius
multiplier code C,, and value 4,, effective modulus E*, stiff-
ness ratio k™, friction coefficient My tensile-strength distribu-
tion (6,),,, ;- cohesion distribution (c);,,), and friction
angle ¢;; the linear material group defines the parameters
for particle-particle contacts during packing and that may
form subsequent to material finalization, including effective
modulus E:, stiffness ratio K:, and friction coefficient y,,.
Readers who are interested in these parameters could find
the specific definition and meaning in Potyondy (2019).

This research regenerated the matrix model to the sizes
of 25,75, 100, 125, 150, and 200 mm with the same micro-
parameters. Figure 8a shows the matrix model at sizes of
25, 50, and 75 mm as a demonstration. Figure 8b compares
the stress—strain curves of the matrix models at sizes from
25 to 200 mm. The figure shows that the value of Young’s
modulus and UCS varies little as the model size increases.
Therefore, the calibrated matrix model’s mechanical proper-
ties match those of real rock matrix and its UCS is independ-
ent of model size.

This research calibrated the rock model by adjusting the
geometric properties of cracks so that the rock model pre-
sents the decreasing size effect of UCS. Table 2 lists the
geometric properties of cracks. The position and orienta-
tion of cracks follow the uniform distribution. The length
of the cracks follows the power law distribution. The value
of [;, was set as the smallest size of particles, since the
smallest crack exists at the boundary of the smallest par-
ticles. Figure 9a shows the rock model at sizes of 25, 50,
and 75 mm as a demonstration. Figure 9b compares the

25 mm

75 mm

50 mm

(@)

Stress (MPa)

Table 2 Geometric properties of cracks

Parameter Position Orientation Power-law length distri-
bution
A a I nin[mm]
Value Uniform Uniform 0.05 3 1

stress—strain curves of the rock models at sizes from 25 to
200 mm. It shows that the introduction of cracks decreases
the Young’s modulus and UCS. Furthermore, the value of
Young’s modulus and UCS decreases as the model size
increases in the general case. The decreasing trend is not
strictly applied in the cases of 25, 50, and 200 mm. The
cause of this anomaly is that the packing arrangement of
matrix and crack varies greatly with the change in the
model size, and the packing arrangement influences the
mechanical behavior. To avoid this anomaly, this research
will use the average value of 10 realizations (using the
same parameters) to analyze the size effect of compres-
sive strength.

Size effect on the compressive strength of the rock
model

To eliminate the influence of the packing arrangement, this
research created 10 realizations for each model size by vary-
ing the random seed (Potyondy 2019). Figure 10 shows the
7 different-sized models and their 10 realizations for both
matrix and rock. These 140 models are tested in the uniaxial
compression and the triaxial compression with the confining
stress 03 = 3, 5, and 10 MPa.

Figure 11 presents the compressive strength of the models
of matrix and rock. Each dot represents the model strength
with the specific size, confining stress, and random seed. The

80
70 1
1 13«\
301 —— Matrix-25
40 —— Matrix-50
——— Matrix-75
301 4 ——  Matrix-100
20 Matrix-125
| Matrix-150
0 ——  Matrix-200
0 T T T T 1
0.05 0.10 0.15 0.20 0.25

Strain (%)

(b)

Fig.8 a Matrix models of size 25, 50, and 75 mm; b stress—strain curves of matrix models at sizes from 25 to 200 mm
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Fig.9 a Rock models of size 25, 50, and 75 mm; b stress—strain curves of rock models at sizes from 25 to 200 mm

change of random seed causes the variation of the model
strength. The compressive strength variation decreases with
the increase of model size but is little affected by the con-
fining stress. The compressive strength variation of rock is
more prominent than that of matrix. This research then used
the average compressive strength of the 10 realizations to
compare the size effect of compressive strength. Each line
represents the change of the average strength with different
model sizes in different confining stresses. The result shows
that the compressive strength of matrix and rock increases
as the confining stress increases. The compressive strength
of matrix model varies little with the increase of model size,
while the compressive strength of rock model decreases sig-
nificantly. Therefore, the compressive strength of matrix is
size independent, and the introduction of cracks causes the
size effect on the compressive strength of rock.

Figure 12 shows the fitting result of the compres-
sive strength of matrix and rock using the size-dependent
Mohr—Coulomb failure criterion. Each dot represents the
average strength of the 10 realizations, and the wireframe

Fig. 10 Schematic view of

represents the best fitting failure surface. For the matrix
model, the cohesion c5, and friction angle ¢ are 17.25 MPa
and 37.36°, respectively, the scaling constant is k = 0.02 = 0,
and the coefficient of determination is R?> = 0.97. For the
model of rock, the cohesion cs, and friction angle ¢ are
11.76 MPa and 30.44°, respectively, the scaling constant is
k = 0.24, and the coefficient of determination is R? = 0.95.
Therefore, the proposed failure criterion fits well with the
compressive strength of matrix and rock. The introduction
of cracks decreases c5, and ¢ and increases k.

Parametric analysis of the influence of the crack
length distribution

The size-dependent Mohr—Coulomb failure criterion dem-
onstrates that the crack length distribution parameters A and
a influence the cohesion c5, and the scaling constant k. This
influence can be verified from the triaxial compression test
of the rock models with different A and a. Howeyver, it is time
consuming to run the triaxial compression test on a large

different-size models and their =
10 realizations: a matrix model =
and b rock model -
el
L
2
£ 8
o O
T O
S o~
3]
~
S
S
g
D (mm) 25 50

(@)
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Fig. 11 Compressive strength results of models: a matrix model and b rock model

amount of rock models. To reduce the modeling time, this
research tested these models only in the uniaxial compres-
sion test. It analyzed the influence on ¢ 5, instead of on c5,
since 6,5, = 2c5,cos¢p/(1 — sing) and ¢ is a constant regard-
less the change of A and a.

According to the proposed failure criterion, the increase
of A decreases o,5, but has no influence on k. Figure 13
presents the influence of A on the crack distribution in the
model of size 100 mm and random seed 10,001. When
A = 0.03, the range of crack length is from 1 to 10 mm.
When A = (.05, the crack density increases, and the model
is more likely to contain large cracks; therefore, there is a

[ ] 0'3=0 MPa
® o03=3MPa
® o03=5MPa
® o03=10MPa

¢so = 17.25 MPa, ¢ = 37.36°,
k = 0.02,R? = 0.97

(@)

crack with a length over 25 mm. When A = 0.07, the crack
density continues to increase, introducing more cracks.
Figure 14 shows the influence of A on the size effect of
UCS. Each dot represents the average strength of the 10
realizations, and each line represents the best-fitting failure
curve. The coefficients of determination R? are equal to or
greater than 0.90. When A increases from 0.03 to 0.07, 0,5
decreases significantly from 47.50 to 30.28 MPa, but k varies
little from 0.22 to 0.25. This result corresponds well with the
previous statement about the influence of A.

According to the proposed failure criterion, the increase
of a decreases k but increases o.5,. Figure 15 shows the

00
(25
m)~ 150 17

Sa00 0

5o = 11.76 MPa, ¢ = 30.44°,
k = 0.24, R?= 0.95

(b)

Fig. 12 Fitting result of the compressive strength of a matrix model and b rock model
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Fig. 13 Influence of A on Crack Length
crack distribution in model of (mm) A =003 A =0.05 A =0.07
size 100 mm and random seed 57 e Tt o ) U oRh o
10,001 [ o La 20 5%
25 RN . <
10 \ B \
_4 - =

influence of a on the crack distribution in the model of
size 100 mm and random seed 10,001. When a = 2, the
range of crack length is from 1 to 57 mm. When a = 3, the
proportion of large cracks decreases while the proportion
small crack increases. When a = 4, there is no crack with
a length over 25 mm. When a = 5, the longest crack length
is below 10 mm. When a tends to oo, all the cracks have the
same length of 1 mm. Figure 16 shows the influence of a
on the size effect of UCS. Each dot represents the average
strength of the 10 realizations, and each line represents the
best-fitting failure curve. The coefficient of determination R?
decreases from 0.99 to 0.89 as a increases from 2 to 5. The
R? equals 0.64 when a tends to oo and still shows applicabil-
ity. 6,50 increases from 19.04 to 48.83 MPa as a increases
from 2 to 5, and the increase rate declines. As a tends to oo,
the value of o5 is a finite constant 51.41 MPa. As for the
influence of a on k, whena =2, 3, 4, 5, and oo, the theoreti-
cal results of k£ should be 1, 0.5, 0.25, 0.13, and 0. However,
the modeling results of k are 1.10, 0.24, 0.10, 0.09, and 0.03.
The theoretical and numerical results are close when a =2,
5, and oo but are different when a = 3 and 4. Although there
is difference, k decreases as a increases and k approaches 0
as a tends to oo in a general case. This result corresponds
well with previous statements about the influence of a.

—— A =0.03,0.50 = 47.50 MPa, k = 0.22,R? = 0.92
801 A =0.05,0,5, = 38.05 MPa, k = 0.24,R? = 0.97
—— A =0.07,0.50 = 30.28 MPa, k = 0.25,R? = 0.90

0 25 50 75 100 125 150 175 200 225
D (mm)

Fig. 14 Influence of A on size effect of UCS
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Application of the proposed failure criterion
to experimental data

The bonded-particle model of rock verified that cracks
cause the size effect of compressive strength, and the crack
length distribution affects the size effect of compressive
strength according to the size-dependent Mohr—Coulomb
failure criterion. This section applied the proposed failure
criterion to the experimental data of previous size effect
research. It is important to note that this study focuses on
the effect of size, and the term “size” refers to the diam-
eter of a cylinder or the width of a rectangular prism. The
experimental data processing neglected the influence of
shape and slenderness ratio, although the rock specimens
have the shapes of cylinders and rectangular prisms and
different slenderness ratios.

Experimental data of UCS

Figure 17 plots the experimental data that present the
decreasing size effect of UCS. Each dot represents the UCS
of the specific rock with the specific size, and each line rep-
resents the change of UCS with different sizes of the specific
rock. This picture contains 30 datasets from 19 different pub-
lications; Table 3 lists the legend. The range of publication
year for these studies is from 1962 to 2021. The rock types
include marble, iron ore, granite, coal, diorite, siderite, gyp-
sum, diabase, basalt, quartzite, cement mortar, slate, and
sandstone. Therefore, this compilation considers all types
of rock, including igneous rock, metamorphic rock, sedi-
mentary rock, and artificial rock. The size range of the rock
specimens is from 12.5 to 1828.8 mm. This study retrieves
most of this data (Baecher and Einstein 1981; Bieniawski
1968; Gonzatti et al. 2014; Herget and Unrug 1976; Hoskins
and Horino 1969; Jackson and Lau 1990; Kong et al. 2021;
Li 2019; Lundborg 1967; Mogi 1962; Pierce et al. 2009;
Pratt et al. 1972; Song et al. 2018) from the publications
directly; it calculated the rest (Abou-Sayed and Brechtel
1976; Darlington et al. 2011; Jahns 1966; Natau et al. 1983;
Panek and Fannon 1992; Simon and Deng 2009) based on
the provided fit equation or estimated it from the original
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Fig. 15 Influence of a on crack Crack Length
distribution in model of size (mm) a=2 a=3

100 mm and random seed
10,001

—10

L4 —~—

picture. It is worthy to note that Song et al. (2018) and Li
(2019) tested coal and slate specimens respectively in six
directions with the orientation angles of 0°, 15°, 30°, 45°,
60°, and 90°. Since most data are in the size range of 0 to
200 mm, the figure upscales this area for clear presentation.
Table 3 shows the fitting result of the experimental data of
UCS. The value of o5 varies from 9.65 to 319.42 MPa. The
value of k varies from 0.08 to 0.77, and most are below 0.5.
The coefficients of determination R? for most datasets are
over 0.9, showing that the size-dependent Coulomb criterion
fits the experimental data of UCS well.

80 — a=2,0,5=19.04 MPa, k = 1.10,R? = 0.99
70 — a =3, 0,50= 38.05 MPa, k = 0.24,R? = 0.97
— a=4,0,,=45.63 MPa, k = 0.10,R? = 0.92
60 1 —— a=35,0,50= 48.83 MPa, k = 0.09,R% = 0.89
a = 0,059 = 50.24 MPa, k = 0.03,R? = 0.64

50 1 + -

0 T T T T T T T T
0 25 50 75 100 125 150 175 200 225

D (mm)

Fig. 16 Influence of a on size effect of UCS

L. | -
25 o

o ' “a

Following the work of Hoek and Brown (1980), this study
reduces the UCS data to dimensionless forms by dividing
the individual values ¢, by the value 6 _5,. Figure 18 shows
the influence of specimen size on the 6., /0,5, in the dimen-
sionless form. Each point represents the value of 6., /0,5,
for the specific rock with a specific size, and the orange
line represents the overall best-fitting line with k = 0.36.
The model fits well with the data as R?> = 0.76. The dashed
lines with k = 0.08 and 0.77 present the lower bound and
the upper bound of k. The blue solid line with £ =0.18 rep-
resents the fitting result in Hoek and Brown (1980). The

0 250 500 750 1000 1250 1500 1750
D (mm)

Fig. 17 Experimental data showing decreasing size effect of UCS

@ Springer



218 Page 12 of 15 Bulletin of Engineering Geology and the Environment (2023) 82:218

s e P G T
- Yamaguchi marble, Mogi (1962) 81.99  0.08 0.77
Iron ore, Jahns (1966) 140.54  0.38 0.97
—- Granite, Lundborg (1967) 174.67 0.23 0.88
- Coal, Bieniawski (1968) 25.23 042 0.82
—- Salida granite, Hoskins and Horino (1969) 319.42 0.09 0.86
- Quartz Diorite, Pratt et al. (1972) 30.95 0.51 0.95
Graddiorite, Pratt et al. (1972) 21439  0.77 0.93
- Sound siderite, Herget and Unrug (1976) 180.78  0.42 0.98
Quartz diorite, Abou-Sayed and Brechtel (1976) 30.78 0.15 0.76
> Gypsum, Baecher and Einstein (1981) 9.65 0.44 0.97
S Grey granite, Jackson and Lau (1990) 193.15 0.10 0.75
Metadiabase, Panek and Fannon (1992) 189.88  0.38 1.00
-t Ophitic basalt, Panek and Fannon (1992) 176.67 0.09 1.00
—t- Intact rock, Simon and Deng (2009) 131.76  0.46 1.00
—- Quartzite, Pierce, Gaida, and DeGagne (2009) 69.78 0.68 0.89
=+ - Cement mortat, Darlington, Ranjith, and Choi (2011)  71.31 0.08 1.00
Coal, Gonzatti et al. (2014) 21.88 0.43 0.99
-+ Coal at 0°, Song et al. (2018) 14.69 0.25 0.98
Coal at 30°, Song et al. (2018) 12.23 0.24 0.98
+ Coal at 45°, Song et al. (2018) 11.31 0.21 0.98
- - Coal at 60°, Song et al. (2018) 11.25 0.22 0.98
Coal at 75°, Song et al. (2018) 12.64 0.25 0.99
Nl Coal at 90°, Song et al. (2018) 13.12 0.28 0.98
':' Slate at 0°, Li (2019) 15633 0.18 0.93
:*_ Slate at 30°, Li (2019) 12290 0.27 1.00
Slate at 45°, Li (2019) 87.11 0.31 0.93
— - Slate at 60°, Li (2019) 79.06 0.31 0.96
Slate at 75°, Li (2019) 95.64 0.29 0.98
* Slate at 90°, Li (2019) 111.20 0.26 0.95
=€~ Red sandstone, Kong, Liu, and Lu (2021) 67.52 0.17 0.94

value of k in the present study is different from that in Hoek
and Brown’s work; the cause of this difference is that this
research includes a higher number of datasets.

2.009
1754 | — == k=0.08, Lower bound
. l “k
150 'l Ocp ( D ) —— k=0.18, Hoek and Brown
’ ; Ocso 50 —— k=0.36, Present study
8 1259 & k=0.77, Upper bound
<
2 1.00 -
S
0.75
0.50 1
0.25 °
0.00 -
0 250 500 750 1000 1250 1500 1750
D (mm)

Fig. 18 Influence of specimen size on the UCS of rock in the dimen-
sionless form
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Experimental data of TCS

Figure 19 plots the experimental data showing the
decreasing size effect of TCS. Each dot represents the
TCS of specimens of a specific size under a specific
confining stress, and the wireframe represents the best-
fitting failure surface. As stated previously, this study
retrieved the data of slate directly from the previous paper
and calculated the data of coal based on the provided fit
equation. Singh and Huck (1972) showed the decreasing
size effect of the TCS of Charcoal black granite; how-
ever, their experiment only tested the granite in two sizes.
Therefore, this study does not present their experimental
data here. The coefficient of determination R? for all the
data is over 0.9, showing that the size-dependent Cou-
lomb criterion fits the TCS well.

Table 4 lists the fitting result of the experimental
data of TCS. The value of o5, is calculated according to
0,50 = 2¢50c08¢p/(1 — singp). The o5, and k in Table 4 are
different from those in Table 3. The difference is small for
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Coal, Medhurst and Brown (1998)

0'3:0.2 MPa
063=0.4 MPa
63=0.8 MPa
03=1 MPa
0’3:2 MPa
63=3 MPa
03=4 MPa
® o3=5MPa
63=10 MPa

® © 06 0 0o o

150

5 20

Slate at 0°, Li (2019)

63=0 MPa
03=1 MPa
63=5 MPa
03=10 MPa
63=20 MPa

® © o o o

\
50 T

Df’hln)
(b)
Slate at 60°, Li (2019)

o3=0 MPa
63=1 MPa
03=5 MPa
63=10 MPa
03=20 MPa

® 0 0 o o

250

Slate at 30°, Li (2019)

300 0

Slate at 45°, Li (2019)
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l)(ln,n)

75 0

(c) (d)
Slate at 90°, Li (2019)

75

)

Fig. 19 Experimental data showing decreasing size effect of TCS and best-fitting failure surface

o.50- The difference is significant for the k in the datasets
of Slate at 45°, 60°, and 75°. The reason is that the data
fitting of the TCS includes more data. Although the value
of k can be estimated from the UCS of different-sized rock
speciments, it requires adjustment to achieve the least sum of
squares of error to fit the TCS. It is interesting to note that
the value of k varies as the orientation angle of slate changes,
indicating that the size effect of slate strength is affected by
its anisotropy.

Discussion

This research theoretically derived the size-dependent
Mohr—Coulomb failure criterion based on the Griffith theory,
developed the bonded-particle model of rock to validate the
failure criterion, and collected previous experimental data to
check the applicability of the failure criterion. Moreover, there
is experimental evidence that supports the size-dependent
Mohr—Coulomb failure criterion. Tani (2001) investigated the

@ Springer
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Zig:fri‘:n Q:;“faizssf“{’és Publications cso(MPa) ) o.5,(MPa) k R
Coal, Medhurst and Brown (1998) 9.78 43.48 45.51 0.75 0.97
Slate at 0°, Li (2019) 35.71 42.76 163.32 0.16 0.94
Slate at 30°, Li (2019) 29.31 39.71 124.88 0.31 0.95
Slate at 45°, Li (2019) 23.98 33.72 89.67 0.50 0.92
Slate at 60°, Li (2019) 18.93 38.95 79.29 0.53 0.95
Slate at 75°, Li (2019) 23.05 39.61 97.99 0.47 0.92
Slate at 90°, Li (2019) 23.13 48.49 122.07 0.20 0.97

size effect of mudstone using the triaxial compression test and
found the cohesion decreases as the specimen size increases
following ¢, = c50(D/ 50)™, with k = 0.5. Kong et al. (2021)
studied the size effect of sandstone using the direct shear test
and determined k = 0.221. Their works show that the fric-
tion angle is independent of rock size. In addition, numerous
empirical studies have verified the proposed failure criterion in
the uniaxial compression state (the size effect model of UCS).
Mogi (1962) first proposed the size effect model based on data
fitting. Hoek and Brown (1980) analyzed the experimental data
in publications and found the value of & is 0.18 for most rocks.
Yoshinaka et al. (2008) summarized more experimental data
and concluded that k ranges from 0.1 to 0.3 for hard rock and
from 0.3 to 0.9 for soft rock.

The proposed failure criterion contains three parameters:
the cohesion csj, the friction angle ¢, and the scaling expo-
nent k. ¢s5, and ¢ can be estimated from the TCS of stand-
ard size rock specimens, while k can be estimated from the
UCS of different-sized rock specimens. Therefore, one can
determine the parameters of the proposed failure criterion
based on the uniaxial compression test of different-sized
specimens and the triaxial compression test of standard-size
specimens. However, including more TCS data of different-
sized specimens can improve the accuracy of the parameters.
The determined failure criterion can then predict the TCS
of different-sized specimens at different confining stresses.

The data fitting of anisotropic rock shows that the value of
varies as the orientation angle of rock changes, indicating that
the size effect of compressive strength is affected by its anisot-
ropy. However, the proposed failure criterion does not consider
the strength anisotropy that is highly prominent in some rocks.
We are working on this problem and plan to incorporate the
strength anisotropy into the proposed failure criterion.

Conclusion

(1) The size-dependent Mohr—Coulomb failure criterion
contains three parameters: the cohesion, the friction
angle, and the scaling exponent. The cohesion decreases
as rock size increases, while the friction angle is inde-

@ Springer

pendent of rock size. This failure criterion demonstrates

that the cracks inside rock cause the size effect and the

crack length distribution affects the size effect.

The bonded-particle model of rock verified that cracks

cause the size effect of the compressive strength. The

parametric analysis verified the influence of crack
length distribution on the cohesion c5, and the scaling
exponent k. The increase of A decreases c5, but has
little influence on k; the increase of a increases cs, and

decreases k.

(3) The proposed failure criterion fits well with the experi-
mental data of UCS and TCS. The fitting result shows k
varies from 0.08 to 0.77. The fitting result of UCS in the
dimensionless form shows k = 0.36 for all data, which
is different from k£ = 0.18 in Hoek and Brown (1980).
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